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Abstract
This paper is devoted to the study of the volcanoes of ℓ-isogenies
of elliptic curves over a finite field, focusing on their height as well
as on the location of curves across its different levels. The core of
the paper lies on the relationship between the ℓ-Sylow subgroup
of an elliptic curve and the level of the volcano where it is placed.
The particular case ℓ = 3 is studied in detail, giving an algorithm
to determine the volcano of 3-isogenies of a given elliptic curve.
Experimental results are also provided.
1. Introduction
Isogenies are an important tool in the study of the geometry and
arithmetic of elliptic curves over finite fields. On the one hand, the
search of kernels of isogenies of a given elliptic curve E plays a central
role in the improvements introduced by Elkies and Atkin to the Schoof
algorithm (referred to as the SEA algorithm [1], [3], [9], [14]), which
computes the cardinal of the group of rational points of E. On the
other hand, since such a cardinal is an isogeny invariant, computing the
isogenies of a given elliptic curve E provides us with curves which have
the same cardinal. This can be useful for cryptographic purposes.
Anyway, notice that only isogenies with prime degree ℓ need to be
considered. This is due to the fact that any isogeny of degree d = d1d2
can be constructed as a composition of isogenies of degrees d1 and d2.
In fact, an upper bound for the size of the prime ℓ is known [5].
Kohel [7] pointed out that the relationship between ℓ-isogenous elliptic
curves, for ℓ prime, can be represented by means of a graph so called
volcano (due to its special features). He takes advantage of this structure
to determine the endomorphism ring (i.e. its conductor) of a given elliptic
curve, whose cardinal m is known.
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Later on, volcanoes of isogenies are also considered by Fouquet and
Morain [4] to obtain computational simplifications for the SEA algo-
rithm. In particular, they determine the height of the volcano using ex-
haustive search over several paths on the volcano to detect the crater and
the floor levels. For this purpose, they compute the roots of ℓ-modular
polynomials.
The aim of this paper is further exploiting these ideas in order to study
the ℓ-isogenies of elliptic curves. In particular, we approach the problem
of obtaining the structure of the volcano of ℓ-isogenies (and hence its
height), taking advantage of the knowledge of the ℓ-Sylow subgroup of
the elliptic curves. So, while Kohel [7] shows the relationship between
levels of the volcano and the endomorphism ring of the curves at those
levels, we relate such levels with the ℓ-Sylow subgroup structure of the
curves.
It should be pointed out that the height can be straightforwardly
obtained in most of the cases (those called regular volcanoes). Moreover,
for the non-regular ones, this procedure avoids the costly descent until
the floor level, required in the Fouquet-Morain’s algorithm.
Furthermore, we also study in more detail the particularities of the
case ℓ = 3, extending a previous work for the case ℓ = 2 [12]. Results
of an efficient implementation of the algorithm for the computation of
the volcano of 3-isogenies are provided. For this particular case, the
algorithm can take benefit of the usage of the Ve´lu formulae for the
computation of the isogenous curves.
2. Volcanoes of ℓ-isogenies
Let E be an elliptic curve over a finite field Fq. Then, given a rational
subgroup G ⊆ E(Fq) there exists a unique (up to isomorphism) elliptic
curve E′ and a rational morphism I : E → E′ with kernel G. Such a
morphism is referred to as an isogeny between E and E′ [15]. Then, we
talk about an ℓ-isogeny when the cardinal of G is ℓ (which is the degree
of the isogeny).
In fact, the endomorphism ring O of an ordinary elliptic curve E
can be identified as an order in an imaginary quadratic field K [6], [15].
Hence, if I : E→E′ is a rational isogeny of prime order ℓ (ℓ 6=p), Kohel [7]
shows that [O :O′]=1, ℓ, 1ℓ . Depending on each case, Kohel denotes the
isogeny I as horizontal, descending or ascending, respectively.
As it is known [7], this notion of direction induces, in the set of
isomorphism classes, a stratified graph structure, where arcs represent
the horizontal, descending or ascending ℓ-isogenies between classes of
elliptic curves.
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In particular, it can be noticed that each connected component of the
graph of ℓ-isogenies can be shaped like a volcano. The top level of the
volcano is a cycle, denoted crater, such that from each of its vertices
hangs an (ℓ−1)-complete tree, all of them isomorphic one to each other.
The vertices at the bottom level have only one outgoing arc, which is
ascending (unless when the volcano has exactly one level, in which case
each node has one or two horizontal outgoing arcs). In the other cases
each vertex has ℓ + 1 outgoing arcs: for the vertices in the volcanoside,
one is ascending and ℓ are descending, while for the vertices on the crater
it will depend on whether its length is 1, 2 or greater. Moreover at each
level all the curves have the same endomorphism ring. Figure 1 shows
the general structure of such a volcano for the case ℓ = 3.
Then, the remaining of this section is devoted to the study of the
properties of these volcanoes of ℓ-isogenies of elliptic curves, ℓ > 2, hav-
ing an ℓ-order subgroup generated by a rational point P , focusing on
their height and on the location of the curves over the different lev-
els. Forthcoming work will extend this study to the case of a rational
group generated by a non-rational point. Nevertheless, as we will see,
the case ℓ = 3 can be completely studied, by taking twisted curves when
the curve has rational 3-order subgroups with non-rational points.
2.1. Height of the volcanoes.
Let E be an ordinary elliptic curve over Fq with group order m and
O the endomorphism ring of E. Then O is an order of the imaginary
quadratic field K = Q(
√
t2 − 4q) [6], where t is the trace of Frobenius
endomorphism π of E. Notice that if d is the squarefree part of the
discriminant dπ = t
2 − 4q of the Frobenius endomorphism π, that is to
say dπ = f
2
0
d, then it follows [7] that the conductor f of the order Z[π]
corresponds to f = f0 if d ≡ 1 (mod 4) and f = f0/2 otherwise. The








, d ≡ 1 (mod 4),
√
d, d ≡ 2, 3 (mod 4).
Since π ∈ OK , there exists an integer a such that the Frobenius endo-
morphism π satisfies
π = a+ fω.
If we consider the volcano VE associated to the curve E, since all the el-
liptic curves in this volcano have the same orderm, all of them determine
the same integers a, f and the same element ω. So, the height h(VE)
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of the volcano of ℓ-isogenies will just depend on these elements. More
precisely, one can deduce from [4], [17] that
h(VE) = vℓ(f).
Hence, in order to analyze the height of a volcano it will be useful to
study the features of f . Therefore, the study of the ℓ-adic valuation
of dπ will provide some knowledge on vℓ(f).
In the following we will always suppose that the elliptic curves have
a rational point of order ℓ > 2 (so vℓ(m) ≥ 1). The case ℓ = 2 is already
studied in [12].
Theorem 1. Let E be an elliptic curve over Fq of order m and ℓ > 2 a
prime number such that vℓ(m) ≥ 1.
If vℓ(q − 1) ≥ 1 then:
i) If vℓ(m) > 2vℓ(q − 1), then h(VE) = vℓ(q − 1).
ii) If vℓ(m) = 2vℓ(q − 1), then h(VE) ≥ vℓ(q − 1).
iii) If vℓ(m) < 2vℓ(q − 1), then either h(VE) = (vℓ(m) − 1)/2 when
vℓ(m) is odd or h(VE) = vℓ(m)/2 when vℓ(m) is even.
Otherwise, if vℓ(q − 1) = 0 then h(VE) = 0.
Proof: Taking into account that t2−4q = (q−1)2−m[m−2(q−1)−4],
it follows that vℓ(t
2−4q) ≥ min{2vℓ(q−1), vℓ(m)}. The value vℓ(t2−4q)
is determined, unless in the case that 2vℓ(q− 1) = vℓ(m). This situation
causes that, for the second case, only a lower bound of the value of the
height can be given. Concerning the third case, there exist two possible
values of the height, depending on the parity of vℓ(m).
In the case vℓ(q − 1) = 0, we obtain vℓ(t2 − 4q) = 0. But moreover,
it turns out that t2 − 4q is a square residue modulus ℓ. Then the mod-
ular polynomial φℓ(x, j), being j the j-invariant of E, has exactly two
roots [2], that is, E has two ℓ-isogenies. Therefore, E must be at the
crater of the volcano and, since that is the situation for all curves of the
volcano, it follows that h(VE) = 0.
2.2. Location of the curves on VE according to their ℓ-Sylow
subgroup.
Now we are going to give some more details about the structure of
the volcanoes of ℓ-isogenies according to the ℓ-Sylow subgroups of the
curves involved. Firstly, notice that the curves on the floor are precisely
those whose ℓ-Sylow subgroup is cyclic, because they are the only ones
that have one or two ℓ-isogenies (this last case appears when the crater
coincides with the floor).
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Let E be an ordinary elliptic curve over Fq with group order m, O its
endomorphism ring and π its Frobenius endomorphism. As mentioned
in Subsection 2.1, the Frobenius endomorphism can be written as π =






, d ≡ 1 (mod 4),
t
2
, d ≡ 2, 3 (mod 4).
From Lenstra [8] and Wittmann [17] it follows that E(Fq) ∼= O/(π − 1)
as O-modules, from where one can deduce that E(Fq) ∼= Z/n1Z×Z/n2Z,
where n2 = gcd(a− 1, f/g), n2 | n1, n2 | (q − 1), m = n1n2 and g is the
conductor of O. Then, we can also deduce the following result.
Proposition 2. Let E be an elliptic curve over Fq with order m, OK =
Z ⊕ Z[ω] and π = a + fω, for some a ∈ Z. Then, vℓ(a − 1) ≥
min{vℓ(f), vℓ(m)/2}.
Proof: If d ≡ 2, 3 (mod 4), since a = t/2, we get (a − 1)2 = f2d +m.
Otherwise, a = t−f
2
and, since (t− 2)2 = f2d+ 4m, we get 4(a− 1)2 =
4m+ f2(d − 1) − 4f(a− 1). Considering the ℓ-adic valuations of these
expressions, the claim follows.
Then we can gain some insight about the location of the given curve E
in the volcano according to their ℓ-Sylow subgroup
Sℓ(E(Fq)) = {P ∈ E(Fq) : ∃ k ≥ 0 s.t. ℓk · P = 0E}.
Since it is a subgroup of E(Fq), its structure is Z/ℓ
rZ × Z/ℓsZ, with
s ≤ min{r, vℓ(q − 1)}.
Notice that from the former result it follows that the curves in the
vertices of the same level have identical ℓ-Sylow group. Moreover, when
ascending over the vertices of the volcano, the value of s either increases
or remains unchanged. Then, taking into account Proposition 2 and the
fact that s ≤ vℓ(q − 1), it is easy to prove the next result:
Theorem 3. Let E be an elliptic curve over Fq of order m with ν =
vℓ(m) ≥ 1. Then the volcano VE satisfies:
i) The ℓ-Sylow subgroup of the curves on the floor is Z/ℓνZ.
ii) If ν is odd, the ℓ-Sylow subgroup of the curves on the i-th level
is Z/ℓν−iZ× Z/ℓiZ.
iii) If ν is even, the ℓ-Sylow subgroup of the curves on the i-th level
is Z/ℓν−iZ×Z/ℓiZ for 1≤ i≤ν/2. Moreover, for the rest of levels (if
any) until reaching the crater, the structure is Z/ℓν/2Z×Z/ℓν/2Z.
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Notice that in the case that ν is even and the height of the volcano
is greater than ν/2, from level ν/2 until the crater of the volcano the
structure of the ℓ-Sylow group is unaltered, and it is equal to Z/ℓν/2Z×
Z/ℓν/2Z. This situation can not occur in the case ν odd, since the height
is lower than ν/2.
The level for which the structure of the ℓ-Sylow subgroup stabilizes
is called stability level (which is ν/2). Then, those volcanoes whose
height is lower or equal than the stability level are referred to as regular





Z/3ν−hZ× Z/3hZ, h ≤ ν/2
Figure 1. Structure of a regular volcano of 3-isogenies
3. The case ℓ = 3
Notice that given an elliptic curve E over a finite field Fq with a
rational subgroup of order 3 generated by a non-rational point P , then
the twisted curve E′ over Fq has a subgroup of order 3 whose points
are rational. This is due to the fact that, since such a point P has a
rational abscissa, either its ordinate or the ordinate of its corresponding
point in E′ are rational. Hence, as a consequence of this property, the
case ℓ = 3 turns out to be interesting enough, since a complete study of
the volcanoes of 3-isogenies can be easily provided.
This section describes the basic techniques in order to design an al-
gorithm to compute the volcanoes of 3-isogenies. Firstly, a suitable
parametrization of curves with a rational point of order 3 is given. Sec-
ondly, in order to simplify computations, a representative curve of each
isomorphism class is chosen. Then, the expressions of the isogenies are
explicitly found using the Ve´lu formulae [16]. Finally, we can take ben-
efit of the usage of a polynomial algorithm [13] which determines the
structure of the 3-Sylow subgroup. This algorithm, as well as the one
for determining the 2-Sylow subgroup of an elliptic curve (see [11]),
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outputs the integers n and r such that the 3-Sylow subgroup of E is
isomorphic to Z/3nZ × Z/3rZ, r ≤ n, and points P and Q of order 3n
and 3r.
3.1. Curves with points of order 3.
The elliptic curves we are interested in are those with a rational point
of order 3. Such elliptic curves have either 2 or 8 points of order 3.
Taking one of these points as the origin, the equation of the curve can
be expressed as follows:
Ea,b : y
2 + axy + by = x3, a, b ∈ Fq.
Under this model, (0, 0) and (0,−b) are points of order 3. Moreover,
taking into account its 3-division polynomial Ψ3(x) = x(x
3 + a2/3x2 +
3abx+b2), the structure of the subgroup of 3-torsion points can be easily
obtained:
• If v3(q − 1) = 0, the factorization type of Ψ3(x) is [1, 1, 2], but
only the abscissa x = 0 gives two rational points of Ea,b/Fq and
so Ea,b(Fq)[3] ∼= Z/3Z.
• If v3(q − 1) > 0, the factorization type of Ψ3(x) is either [1, 3]
or [1, 1, 1, 1]. In the first case Ea,b(Fq)[3] ∼= Z/3Z, while in the
second Ea,b(Fq)[3] ∼= Z/3Z× Z/3Z.
Concerning the isomorphism classes of the curves Ea,b/Fq, a repre-
sentative curve in each class can be obtained as follows:
• If v3(q − 1) = 0, each isomorphism class can be univocally repre-
sented by the curve E1,λ/Fq (being λ =
b
a3 ), unless when a = 0, in
which case the representative curve is E0,1/Fq.
• If v3(q − 1) > 0, two cases should be distinguished, according to
the factorization type of Ψ3(x), either [1, 3] or [1, 1, 1, 1].
– The first situation is similar to the previous one when a 6=0, so
the representative is E1,λ/Fq. Otherwise, curves with a = 0







2 the primitive cubic roots of 1,
where v = v3(q − 1).
– In the second situation, when a 6= 0, there exist four different
representatives of the type E1,λ in each class (due to the fact
that now the origin can be translated to the other points of
order 3). The algorithm takes the representative with smallest
value λ. In the case a = 0, the representative of the isomor-
phism class is E0,1/Fq. Equivalently, also E1, 1
24
/Fq could be
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considered, since some of their isomorphic curves can be trans-
lated one to the other.
The isogenous curve of a curve Ea,b/Fp with kernel {O, (0, 0), (0,−b)},
according to Ve´lu formulae, has equation
E′/Fp : y
2 + axy + by = x3 − 5abx− b(a3 + 7b),
with 3-division polynomial Ψ′3(x) = (x+ a
2/3)(x3− 9abx− b(a3 +27b)).
Then, considering the roots of this polynomial, the curve E′/Fq can be
expressed in the model Ea,b/Fq. Table 1 collects the isogenous curves
obtained. In fact, for the case v3(q−1) = 0, notice that only the isogeny
corresponding to the rational point is given.
Curve Roots of ψ′3(x) Isogenous curve: case v3(q − 1) = 0




(6β2 + β − 9λ)3
)
if 6β2+β−9λ 6=0
(0, 1) if 6β2+β−9λ=0
(0, 1) −1/3, 3 (1, 1/24)


























if 6β2i +βi+λ 6=0
(0, 1) if 6β2i +βi+λ=0















(0, δi) 0 (0, δi)
Table 1. Coefficients of the isogenous curves
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3.2. Algorithm to obtain volcanoes of 3-isogenies.
Given an elliptic curve E over a finite field Fq, the algorithm imple-
mented in this work determines the height h of the volcano VE in the
non-regular case (recall that for the regular case, the height can be di-
rectly obtained from Theorem 1) and the length c of the crater. To do
this, the core of the algorithm consists in finding an ascending path from
the level where E is situated toward the crater of the volcano. Then, the
length of the crater is obtained by going through all its vertices. More
precisely, the algorithm proceeds as follows:
input: An elliptic curve E over Fq in the form y
2 + axy + by = x3.
output: (k, h, c), where k is the level where E is placed on the volcano,
h is the height of the volcano and c is the length of the crater.
1. Determining the level of E in the volcano.
(n, r) := 3-Sylow(E)
ν := vℓ(q − 1)
if r < n or (r = n and r 6= ν) then k := r
else
s :=Steps To Stability Level(E)
k := r + s
end if
2. Reaching the crater of the volcano.
h := k
while not Is Crater Curve(E) do
E :=Ascending Isogenous Curve(E)
h := h+ 1
end while
3. Going through the crater of the volcano.
c:=1
Ecurr :=Choose Horizontal Isogenous Curve(E)
Eprev := E
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while Ecurr 6= E do
c:=c+1
Eaux := Ecurr




The functions that are called by the algorithm are the following:
• 3-Sylow: Returns the pair of integers (n, r), r ≤ n, such that the
3-Sylow subgroup of E is isomorphic to Z/3nZ × Z/3rZ. This
function follows the polynomial time algorithm described in [13].
• Steps To Stability Level: Takes as inputs the elliptic curve E and
computes three paths of isogenies from E until reaching the sta-
bility level. Notice that, at least one of them will be a descending
path. So the function returns the number of steps of this path,
which gives the distance from E to the stability level.
• Is Crater Curve: Returns True if E is on the crater and False oth-
erwise. In order to know if the curve belongs to the crater, its
level on the volcano is computed. In the case of regular volcanoes,
the level of the curve is given by the 3-Sylow parameters, taking
into account that the height of the volcano is provided in Proposi-
tion 1. Otherwise, the level of the curves can be obtained by using
the previous function. In this case, the crater is detected when the
level of all the isogenous curves of E is equal or less than the level
of E.
• Ascending Isogenous Curve: Computes the isogenous curves of E
using the Ve´lu formulae and chooses the ascending one, by obtain-
ing their level on the volcano.
• Choose Horizontal Isogenous Curve: Computes the isogenous curves
of E and returns one of the horizontal isogenies, by computing their
level on the volcano.
• Horizontal Isogenous Curve: Given two curves E and E′ such that
there exists an horizontal isogeny I ′ : E′ → E, this function returns
the curve E′′ for which there exists an horizontal isogeny I : E →
E′′ not dual to the isogeny I ′.
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Notice that the level of a curve can be obtained by computing the de-
scending paths towards the bottom level similarly to the procedure used
by [4]. Nevertheless, our approach suggests an improvement of this
method by using the algorithm proposed in [13]. Hence, computing
descending paths can be completely avoided for the case of regular vol-
canoes, while for the non-regular ones only paths towards the stability
level are required.
3.3. Some examples.
This algorithm has been implemented in LiDIA [10] and it has been
used to test some volcanoes associated to different random elliptic curves
over finite fields Fp. Table 2 collects some examples of several volcanoes
corresponding to curves E1,λ/Fp. The results obtained show, on the one
hand, that their average heights are very small and, on the other hand,
that the length of their craters can be huge. More precisely, empirical
results point out that c can even achieve the value
√
p.
p v3(p− 1) λ v3(|E1,λ|) (h, c)
10007 0 130 3 (0, 132)
131221 8 118403 8 (4, 4)
4738294793 0 483209742 1 (0, 5255)
5764865399 0 845734783 2 (0, 28193)
6473810533 1 978203893 3 (1, 2337)
1014 + 99 2 4 2 (1, 810556)
1020 + 441 3 1 5 (2, 2)
1040 + 921 1 345789102 2 (1, 1)
1080 + 129 1 500 2 (1, 2)
Table 2. Structure of some volcanoes VE1,λ over Fp
Furthermore, the algorithm has also been used to study the distribu-
tion of the volcanoes over a given finite field Fp. Tables 3 and 4 pro-
vide the structure of all the volcanoes obtained for the primes p = 227
and p = 229, respectively, where m denotes the order of the curves such
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that v3(m) ≥ 1. More precisely, for each possible structure determined
by the pair (h, c), these tables list the corresponding volcanoes giving
the parameters of one of the curves on its crater. Finally, last column
of Table 4 shows the regularity of the volcano (notice that non-regular
volcanoes are quite rare in the case v3(p− 1) ≥ 1 and they even do not
exist in the case v3(p− 1) = 0).
h c Curve parameters m v3(m)
0 1 (1, 199) 198 2
0 1 (1, 213) 258 1
0 3 (1, 10) 204 1
0 3 (1, 146) 252 2
0 4 (1, 33) 228 1
0 5 (1, 103) 201 1
0 5 (1, 25) 213 1
0 5 (1, 7), (1, 14) 222 1
0 5 (1, 1), (1, 5), (1, 8) 228 1
0 5 (1, 52), (1, 72) 234 2
0 5 (1, 6) 243 5
0 5 (1, 16) 255 1
0 7 (1, 26) 207 2
0 7 (1, 31) 219 1
0 7 (1, 53) 237 1
0 7 (1, 32) 249 1
0 8 (1, 13), (1, 57) 210 1
0 8 (1, 21), (1, 27) 246 1
Table 3. Structure of the volcanoes over Fp, p = 227, v3(p−1) = 0
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0 9 (1, 11) 204 1
0 9 (1, 40) 252 2
0 13 (1, 24), (1, 58) 216 3
0 13 (1, 2), (1, 18) 240 1
0 14 (1, 4) 225 2
0 14 (1, 50) 231 1
Table 3. Structure of the volcanoes over Fp, p = 227, v3(p−1) = 0
(continued)
h c Curve parameters m v3(m) Reg.
0 1 (0, 134) 201 1 yes
(0, 94) 237 1 yes
0 2 (1, 111) 201 1 yes
(1, 20), (1, 92), (1, 96), (1, 116) 204 1 yes
(1, 50), (1, 55), (1, 63), (1, 72), (1, 79), (1, 83) 210 1 yes
(1, 24), (1, 40) 213 1 yes
(1, 90), (1, 99) 219 1 yes
(1, 56), (1, 80), (1, 87), (1, 112) 222 1 yes
(1, 7), (1, 46), (1, 67), (1, 82), (1, 94), (1, 98) 228 1 yes
(1, 5), (1, 75), (1, 89), (1, 119) 231 1 yes
(1, 23), (1, 95), (1, 113) 237 1 yes
(1, 3), (1, 35), (1, 41), (1, 48), (1, 58), (1, 62) 240 1 yes
Table 4. Structure of the volcanoes over Fp, p = 229, v3(p−1) = 1
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(1, 65), (1, 73), (1, 91), (1, 117) 240 1 yes
(1, 29), (1, 31), (1, 66), (1, 76) 246 1 yes
(1, 37), (1, 97) 249 1 yes
(1, 36), (1, 100) 255 1 yes
(1, 45), (1, 102) 258 1 yes
1 1 (1, 38) 207 2 yes
(1, 6), (1, 18), (1, 49) 234 2 yes
(1, 33), (1, 105) ∼= (0, 1) 252 2 yes
1 2 (1, 4) 252 2 yes
1 3 (1, 1) 243 5 yes
1 4 (1, 2), (1, 44) 216 3 yes
2 1 (1, 60) 225 2 no
Table 4. Structure of the volcanoes over Fp, p = 229, v3(p−1) = 1
(continued)
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